JEE (Advanced) 2019/Paper-1

FINAL JEE(Advanced) EXAMINATION - 2019
(Held On Monday 27" MAY, 2019)

PAPER-1  TEST PAPER WITH ANSWER & SOLUTION -

PART-3: MATHEMATICS
SECTION-1 : (Maximum Marks : 12)

®  This section contains FOUR (04) questions.
[ Each question has FOUR options. ONLY ONE of these four options is the correct answer.
[ ] For each question, choose the option corresponding to the correct answer.
®  Answer to each question will be evaluated according to the following marking scheme :
Full Marks : +3 If ONLY the correct option is chosen.
Zero Marks : 0 |If none of the options is chosen (i.e. the question is unanswered)
Negative Marks : -1 |In all other cases
.4 .2
sn"6 -1-sin“0
1. LetM= =al +BM 1,
1+cos’0  cos'0
where a. = a(0) and B = 3(0) are real number, and | isthe 2 x 2 identity matrix. If
o* isthe minimum of the set {a(0) : 6 € [0, 2n)} and
B* isthe minimum of the set {B(0) : 6 € [0, 2n)},
then the value of o* + B* is
37 29 31 17
@ 35 2 15 ©G) % 4) 16
Ans. (2)
Sol. GivenM =al + pM™

=M —aM -Bl =0
By putting values of M and M?, we get
sn’20 1
2 T2
Also, B(8) = (sin"Bcos'd + (1 + cos’0)(1 + sin’0))
= (sin"9cos® + 1 + cos® + sin’® + sin“0cosd)

a(f) =1 —2sin’0 cos® =1-

.2
) sin®20 1

= = 01_
—{t°+t+2),t 2 G{ 2

37
= PO) > 16



2. Aliney = mx + lintersectsthe circle (x —3)* + (y + 2)° = 25 at the points P and Q. If the midpoint
of the line segment PQ has x-coordinate —g , then which one of the following optionsis correct ?
1)6<m<8 22<m<4 R4<m<6 4 -3<m<-1

Ans. (2)

Sol.

—3;n+3
So, m =-1
3.3
5
> m -5m+6=0
=>m=23
3. LetShethesetof dl complex numbersz satisfying |z—2+i > /5 . If the complex number z,issuchthat
1 . . 1 7S .. 4_20_70 .
|Zo_]1 isthe maximum of the set —|z—]J' , then the principal argument of —20—70+2i is
2 @ -2 ® = CE
4 2 4 2
Ans. (2) Z,
4—(z,-7
Sol. ag 42 %) \
(zp-2%)+7 (2-i)

4-2Rez, 2—-Rez,
=9 ——— - |[=aA0| ———
2ilmzy +2i (1+1Imzy)i

=ag| — |
1+Imz,

=ag(xki); k>0 (asRez, <2 & Imz, > 0)




Ans.

Sol.

The area of theregion {(x, y) : xy <8, 1<y <x% is

(1) 8Ioge2—% 2 16Ioge2—% (3) 16log 2 -6 4 8Ioge2—§
2
Y
.............. L
0 X

For intersection, §=\@ =>y=4
y

{8
Hence, required area = I(;‘WJ dy
1

4

2 a3 14
=|8/ny —— =16/n2 — —
{ Y } 3

1
Remark : Thequestion should contain the phrase™ areaof the boundedregionin thefirst quadrant”. Because,
inthe 2™ quadrant, theregion abovetheliney = 1 and below y =x?, satisfiesthe region, which isunbounded.
SECTION-2 : (Maximum Marks: 32)
This section contains EIGHT (08) questions.
Each question has FOUR options. ONE OR MORE THAN ONE of these four option(s) is (are) correct
answer(s).
For each question, choose the option(s) corresponding to (all ) the correct answer(s)
Answer to each question will be evaluated according to the following marking scheme:

Full Marks . +4 If only (all) the correct option(s) is (are) chosen.

Partial Marks . +3 If all the four options are correct but ONLY three options are chosen.

Partial Marks . +2 Ifthree or more options are correct but ONLY two options are chosen and both
of which are correct.

Partial Marks : +1 If two or more options are correct but ONLY one option is chosen
and it is a correct option.

Zero Marks : 0 Ifnone of the options is chosen (i.e. the question is unanswered).

Negative Marks : -1 In all other cases.

For example, in a question, if (A), (B) and (D) are the ONLY three options corresponding to correct
answers, then

choosing ONLY (A), (B) and (D) will get +4 marks;

choosing ONLY (A) and (B) will get +2 marks;

choosing ONLY (A) and (D) will get +2 marks;

choosing ONLY (B) and (D) will get +2 marks;

choosing ONLY (A) will get +1 marks;

choosing ONLY (B) will get +1 marks;

choosing ONLY (D) will get +1 marks;

choosing no option (i.e. the question is unanswered) will get 0 marks, and
choosing any other combination of options will get —1 mark.




1. TherearethreebagsB,, B, and B,. The bag B, contains 5 red and 5 green balls, B, contains 3 red and
5 green balls, and B, contains 5 red and 3 green balls, Bags B,, B, and B, have probabilities

1% : 1% and % regpectively of being chosen. A bagissdected at random and aball ischosen at random

from the bag. Then which of thefollowing optionsis/are correct ?

3
(1) Probability that the selected bag is B, and the chosen ball is green equals 0
. . 39
(2) Probability that the chosen ball is green equals 20
. 3
(3) Probability that the chosen ball is green, given that the selected bag is B,, equals 3

5
(4) Probability that the selected bag is B,, given that the chosen ballsis green, equals —

13
Ans. (2,3
Ball | Balls composition | P(B;)
Sol. 3
B, 5R +5G =
10
3
B, 3R+5G =
10
B, 5R+3G 4
10

G
(1) P(BgmG)zP[B—gl P(Bg)
3 4 3
=—X—=—
8 10 20

2 P(G)- p(%} P(B,)+ p(BEJ P(B,)+ p[BEJ P(B,)

G 3
@ fg)

Bj:P(GﬁBg) 3/20 4

5s - _4
G P(G) 39/80 13

4) F’[



2.  Définethecollections{E, E,, E,, ....} of dlipsesand {R, R, R,, .....} of rectanglesasfollows:

2 2
El:x—+y—=l;
9 4

R, : rectangle of largest area, with sides parallél to the axes, inscribed in E, ;
2 y2
E : éllipse %+F=1 of largest areainscribed inR_, n>1;

n

R, : rectangle of largest area, with sides parallel to the axes, inscribed inE , n > 1.
Then which of the following optionsis/are correct ?

(1) The eccentricities of E, , and E,, are NOT equal
J5

(2) The distance of afocus from the centrein E, is e

1
(3) Thelength of latus rectum of E; is s

N
(4) 2 (areaof R,)<24 for each positiveinteger N
n=1
Ans. (3,4)

P(3c0s6,2sin0)

Sol. \\ /

Area of R, = 3sin20 ; for thisto be maximum

0T [i LJ
= 7T 7 22
Hencefor subsequent areas of rectanglesR  to be maximum the coordinateswill bein GPwith common

3 3

1
o r=—2 =71 ; b=
I’aIIO \/E = an (\/E)n_l y (\/5)

Eccentricity of al theelipseswill be same

Distance of afocus from the centre in E, = ae, = +/a; — b} Ty

hof | fE, = 25 _1
Length of latus rectum of E, = 2, 6
'.-ZAreaofRn=12+l—2+1—2+ ..... 0 =24

rr} 2 4

N

— Y (areaof R,) <24 for each positiveinteger N
n=1



Ans.
Sol.

01 a -1
Let M=|1 2 3|and adjM=| 8
3 b1 -5

optionsis/are correct ?

(1) a+b=3
() (adiM)™ + adiM™ = -M

(1,3,4)
(adiM), =2-3b=-1=b=1

1 1

-6 2 | whereaand b are real numbers. Which of thefollowing

3 -1

Also, (adjM),, = 3a= -6 => a=2

01 2
Now, detM =1 2 3=-2
311

— det(adjM?) = (detM?)?
= (detM)* = 16

adjM

det M

= adiM = 2M™*

Also 1=

-1
= (adjM)™ = =M

2
And, adj(M™) = (M™)™ det(M™)
1 yM
detM 2

Hence, (adjM)™ + adj(M™) = —M

Futhe, MX =b

—adjM
2

= X=M'b= b
-1
-7 8

_—5

= (o, B, y) = (1, 1,

1 11
-6 2|2
3 1|3

1)

(2) det(adjM?) = 81

a 1
4 1f M{B|=|2|,thena—pP+y=3
Y 3



4. Letf: R — R begiven by

x° +5x% +10x3 +10x% +3x +1, X <O

x?>—x+1 0<x<l
f(x)= §x3—4x2+7x—§, 1<x<3

X—2)log.(x -2 —X+E, X>3
(x—2)log (x~2)-x-+—

Then which of the following optionsis/are correct ?

(1) f' hasaloca maximumat x =1 (2) f isonto
(3) f isincreasing on (—o, 0) (4) f'isNQOT differentiableat x = 1
Ans. (1,2,4)

(x+1)5—2x, x <0

x?—x+1, 0<x<1I

Sol. f(x) = Ex3_4x2+7x—§, 1<x<3
3 3
(x—2)|oge(x—2)—x+%, X>3

for x <0, f(x)iscontinuous
& lim f(x)=-o0 and Iirgl f(x)=1

Hence, (—0, 1) < Range of f(x) in (—0o, 0)
f'(x) = 5(x + 1)* — 2, which changes sign in (-, 0)

= f(x) isnon-monotonicin (—o, 0)

1
For x > 3, f(x) isagain continuous and lim f(x) =< and f(3) =

3

1 .

= [g,ooJC Range of f(x) in[3, «) F1x)"
(1,2 (3,1)
Hence, range of f(x) is R y
2x-1, 0<x<1 (—1,0)/ (\2‘_1/)
fl)=1_,
2X°-8x+7, 1<x<3

Hence f' hasalocal maximum at x = 1 and f' is NOT differentiable at x = 1.



5. Let o and B bethe roots of x> —x — 1 = 0, with o > B. For all positive integers n, define
3 an _Bn
n a—B 1

b=1landb =9,+4a,,n>2

n+1’

a n>1

Then which of thefollowing optionsis/are correct ?
(Da +a,+a,+.. +a =a,—1fordln>1

= b 8
(3) Z:10" 89
(4 b=a"+p " foraln>1

Ans. (1,2,4)
Sol. «, B are roots of x> — x —1

_(OLHZ—BHZ)—((Xr _Br) ) (ar+2_ar _ Br+2_Br)

r+2 r a_B a_B
_ocr(ocz—l)—Br(Bz—l) @0 BB ot Br+1:a
- o— o— a—pB 1
= 8&,-84,~9
a? — B2
= Za =85~ 8 =8y, ———— =8y, —(a+P)=a,,-1
r=1 oa-p
0 g n_ 0 Bjn
Now Z :nz—;'(loj ;(10
;10" o-
o B
10 _ 10
L * B > B
__ 10 10 _10-a 10-B _ 10 :E
o-P (oc—B) (10—(1)(10—[3) 89

o B

ibn :ian—l—i_aml_ 10 10 _12

=10 &= 10° 1-% 1_B 89

10 10

Further, b =a , +a

n+1

(e ) ( -5

(aSaB——1:>oc = "B &P = ")

_ocn(oc— itéa_ﬁ)ﬁn ="+ B




6. LetI denoteacurvey =y(x) whichisinthefirst quadrant andlet the point (1, 0) lieonit. Let the tangent
toI" at apoint Pintersect they-axisat Y . If PY haslength 1 for each point P onI", then which of the
following optionsis/are correct ?

{“— i‘xl— - (2) xy'I-xF =0

(1) y=log,

o y=—log{#}+ 1= (4) xy'+v1-x*=0

Ans. (1,4)
Y
ol.
N\P(xy)
Y -y=y(X-=X)
So, Y,=(0,y-xy)
2 N2 _ ﬂ__ 1—X2
So, x+(xy)—1:>dx— 2

[(;—di can not be positivei.e. f(x) can not beincreasing in first quadrant, for x € (0, 1)]

[ 2
Hence, Idy:—j 1;)( dx
2
= y=—fcozneede ; put x = sing

= yz—jcosece d@+jsin6 do

= Yy = In(cosecH + cotb) — cosd + C

[ 2
M _\[1_)(2 +C

— y=/In ~
1++1-x?
= y=/n +—XX —V1-x%2 (asy(@) =0



Ans.

Sol.

In anon-right-angled triangle APQR, let p, g, r denote the lengths of the sidesopposite to the anglesat
P, Q, Rregpectively. Themedianfrom R meetsthesde PQ at S, the perpendicular from Pmeetstheside

QRa E,andRSandPE intersectat O. If p= J3 , =1, andtheradiusof the circumcircle of the APQR

equals 1, then which of thefollowing optionsis/are correct ?

(1) Areaof ASOE =§ (2) Radius of incircle of APQR =§(2—\/§)
7
(&LammofRS=%; (@La@mofOE:%
(2,3,4)
sinP_sinQ 1 1
J3 1 2R 2
P—EOI’E dQ—E(_)rS_Tc
=TTy @ 6 6

Sincep>q = P>Q

T

. m T .
So, if P= 3 and Q= = RZE (not possible)

6

27 s
P=""and Q=R==
Hence, 3 Q 5

1 1
A 2(1)(@[2) 7

r= _—=—(2—\/§)
S V342 2
2
1
Now, area of ASEF :Zareaof APQR
1 1 13 3
f ASOE = = f ASEF=— f APOR=—.— =—~—
= areaof ASO 3areao S 12areao PQ 2 4 8

RS:%Jﬂ$+2®—1:%;

1 11 1
OE=ZPE==.=,2()*+2()*-3==
3 32\/() @ 5



Ans.
Sol.

Let L, and L, denotes the lines

F=i+A(=i+2j+2K),LeR and

F=p(i—j+2K),peR

respectively. If L isalinewhichisperpendicular to both L and L, and cuts both of them, then which
of thefollowing options describe(s) L, ?

) T:%(2i+l2)+t(2f+2]—ﬁ),teR
- 2 T n . - “ .
(2 I‘25(2l—j+2k)+t(2l+2]—k),teR
(3) T=tQi+2j—-k),teR
- 2 I~ . o “ .
(4) I‘25(4I+j+k)+'[(2l+2j—k),teR

(1,2,4)
Pointson L, and L, are respectively A(1 -4, 2\, 2i) and B(2, -, 2})

S0, AB = (2u+ A —1)i +(—p - 21)j+ (2u - 20)k

and vector along their shortest distance = 2i + 2] —k.

2U+A-1 —p-20 2u-2>

Hence, > > )
1 2
A=—& U=—
= o “ Mg
8 22 4 2 4
Hence, A=|—,—,— | and B=| —, ——,—
(9 9 9} (9 9 9}

= Mid point of AB E@O%J

SECTION-3 : (Maximum Marks: 18)
This section contains SIX (06) questions. The answer to each question isa NUMERICAL VALUE.
For each question, enter the correct numerical value of the answer using the mouse and the on-screen virtual
numeric keypad inthe place designated to enter the answer. If the numerical value has more than two decimal
places, truncate/round-off the value to Two decimal places.

Answer to each question will be evaluated according to the following marking scheme:
Full Marks : +3 If ONLY the correct numerical value is entered.
Zero Marks : 0 Inall other cases.




nl4

|=3j

n_d ., (L+e™)(2-cos 2x)

then 271% equals

Ans. (4.00)
nl4
Sol. 21=2 | S —
2. @+e")(2-cos2x) (L+e ™) (2—cos2x)
l n/4 dX
= ==

=

2. Letthepoint B bethe reflection of the point A(2, 3) with respect to the line 8x —6y —23=0. LetI",
andI'; becirclesof radii 2 and 1 with centres A and B respectively. Let T be acommon tangent to the
circles I', and I', such that both the circles are on the sameside of T. If Cisthe point of intersection
of T and the line passing through A and B, then the length of the line segment AC

T 2, 2—C0S2X

_T 27" sec” dxdx
2— cost n 3 1+3tan’x

J_n[tan (\/_tanx)} =%

271° :27><i:4
27

IS
Ans. (10.00)

. : . . S
Sol. Digtanceof pomtAfromglvenIlne:E

CA_2

CB 1

AC_2
- AB 1

= AC=2x5=10

} dx (usngKing'sRule)




3. Le AP(a d)denotetheset of al thetermsof aninfinitearithmetic progresson with first termaand common
differenced > 0. If AP(1; 3) n AP(2; 5) N AP(3; 7) = AP(g; d) thena+ d equals
Ans. (157.00)
Sol. Weequate the general terms of three respective
AP'sasl+3a=2+5b=3+7c
— 3divides1 +2b and 5 divides 1 + 2c
= 1+ 2c=05, 15, 25 etc.
o, first such terms are possiblewhen 1+ 2c=15i.e. c=7
Hence, first term = a= 52
d=1Ilcm (3, 5, 7) = 105
= a+d=157

4.  Let Sbethe sample space of all 3 x 3 matriceswith entriesfrom the set {0, 1}. Let theeventsE, and
E, be given by

E,={A € S: detA = 0} and
E,={A € S:sumof entriesof A is 7}.
If amatrix ischosen at random from S, then the conditional probability P(E,|E,) equals_____
Ans. (0.50)
Sol. n(E,) = °C, (as exactly two cyphers are there)
Now, det A = 0, when two cyphers are in the same column or same row
= n(E,NE,) =6 x 3C2-

0.50

Hence, P[Ej :—n(El NE,) =E :1—

E, n(E,) 36 2
5.  Threelinesaregiven by

F=2i, LeR
F=p(i+j)ueck and
F:v(i+]+lA<),veR,

Let thelinescut theplanex +y + z=1at the points A, B and C respectively. If the areaof thetriangle
ABC is A then the value of (6A)” equals

Ans. (0.75)



Sol. A(L 0, 0), B(l,i,oj&c(
2'2

Wl
N

Wl
Wl

Hence, A—Bz—lﬁlj & R:_Ei+l]+lﬁ
2 2 3 3 3

li= — 1 /1 2 1
A==|ABxAC|==,|[=x——=
S0, 2‘ ‘ 2\V2 3 4

1
2x 24/3

w

— (6A)*===0.75

I

6. Let o= 1beacuberoot of unity. Then the minimum of the set
{|la+ bw + co’f : & b, ¢ distinct non-zero integers}
equals
Ans. (3.00)

Sol. |a+ bo + co? = (a+ bo + sz)(a+b03+C032)

= (a+ bo + co’) (a+ bo® + co)
=g +b+c—ab-bc-ca

1
=E[(a—b)2+(b—c)2+(c—a)2]

1+1+4
2 > =3 (whena=1,b=2c¢c=3)




